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Abstract
The electromagnetic processes of Compton scattering and photon splitting/merging are
investigated in the presence of strongly magnetized electron-positron plasma. The influence
of these processes on the radiation transfer in the astrophysical environment is studied. In
particular, the contribution of the processes under consideration in coefficients of the transfer
equation is calculated. We show the importance of photon splitting/merging contribution
and taking into account of photon dispersion and wave function renormalization in strong
magnetic field and plasma.
1 Introduction
Magnetars are extremely interesting objects both from the physical and astrophysical point
of view. From one hand they are associated with SGR and AXP pulsars considered as isolated
neutron stars with unusual spectral properties. From the other hand they allow one to inves-
tigate different phenomena taking place in super strong magnetic field condition not available
elsewhere. Magnetic field strength of magnetar is believed to be B ∼ 1014 − 1016 G [5–7],
i.e. B ≫ Be, where Be = m2/e ≃ 4.41 × 1013 G 1 is the critical magnetic field. The spectra
analysis of these objects is also providing evidence for the presence of electron-positron plasma
in magnetar environment. It is well-known that strong magnetic field and/or plasma could
influence essentially on different quantum processes [8–11]. One of such phenomena is the ra-
diation transfer in strongly magnetized plasma. This process is connected with the SGR and
AXP spectral formation. Moreover it is the crucial ingredient of the models of SGR burst (see
e.g. [6]) where the creation of magnetically trapped high temperature (∼ 1 MeV) plasma fireball
is assumed (see Fig. 1). It also defines the cooling rate of the outer crust of magnetar [12].
The various studies indicate that electromagnetic processes such as Compton scattering and
photon splitting γ → γγ (merging γγ → γ) could play a crucial role in these models.
In the present work the influence of these processes on radiation transfer is investigated in
the presence of strong magnetic field and electron positron plasma, when the magnetic field
strength B is the maximal physical parameter, namely
√
eB ≫ T, µω, E. Here T is the plasma
temperature, µ is the chemical potential, ω and E is the initial photon and electron (or positron)
energies. In this case almost all electrons and positrons in plasma are on the ground Landau
level.
The main goal of this talk is to demonstrate that the self-consistent accounting of strong
magnetic field and dense plasma influence is necessary for the correct description of radiation
transfer.
1We use natural units c = ~ = k = 1, m is the electron mass, e > 0 is the elementary charge.
Figure 1: Radiation transfer in Tompson & Duncan model of SGR burst [6].
2 Photon dispersion properties
The propagation of the electromagnetic radiation in any active medium is convenient to
describe in terms of normal modes (eigenmodes). In turn, the polarization and dispersion
properties of normal modes are connected with eigenvectors and eigenvalues of polarization
operator correspondingly. In the case of strongly magnetized plasma in the one loop approxi-
mation the eigenvalues of the polarization operator can be derived from the previously obtained
results [23–25]:
P(1)(q) ≃ − α
6π
[
q2⊥ +
√
q4⊥ +
(6Nω)2q2
q2‖
]
− q2 Λ(B), (1)
P(2)(q) ≃ −2eBα
π
[
H
(
q2‖
4m2
)
+ J (q‖)
]
− q2 Λ(B), (2)
P(3)(q) ≃ − α
6π
[
q2⊥ −
√
q4⊥ +
(6Nω)2q2
q2‖
]
− q2 Λ(B), (3)
where
Λ(B) =
α
3π
[1.792 − ln(B/Be)] , N =
+∞∫
−∞
dpz [f−(E)− f+(E)] ,
J (q‖) = 2q2‖m2
∫
dpz
E
f−(E) + f+(E)
(q2‖)
2 − 4(pq)2‖
, E =
√
p2z +m
2,
f±(E) = [e
(E±µ)/T + 1]−1 are the electron (positron) distribution functions,
H(z) =
1√
z(1− z) arctan
√
z
1− z − 1, 0 6 z 6 1, (4)
H(z) = − 1
2
√
z(z − 1) ln
√
z +
√
z − 1√
z −√z − 1 − 1 +
iπ
2
√
z(z − 1) , z > 1. (5)
Here z = q2‖/(4m
2), the four-vectors with indices ⊥ and ‖ belong to the Euclidean {1, 2}-
subspace and the Minkowski {0, 3}-subspace correspondingly in the frame were the magnetic
field is directed along z (third) axis; (ab)⊥ = (aΛb) = aαΛαβbβ, (ab)‖ = (aΛ˜b) = aαΛ˜αβbβ, where
the tensors Λαβ = (ϕϕ)αβ , Λ˜αβ = (ϕ˜ϕ˜)αβ , with equation Λ˜αβ−Λαβ = gαβ = diag(1,−1,−1,−1)
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Figure 2: Photon dispersion laws in strong magnetic field B/Be = 200 and neutral plasma vs.
temperature: T = 1 MeV – 1, T = 0.5 MeV – 2 and T = 0.25 MeV – 3. Photon dispersion
without plasma is depicted by dashed line. Dotted line corresponds to the vacuum dispersion
law, q2 = 0. The angle between the photon momentum and the magnetic field direction is π/2.
are introduced. ϕαβ = Fαβ/B and ϕ˜αβ =
1
2εαβµνϕµν are the dimensionless field tensor and dual
field tensor correspondingly.
The dispersion properties of the normal modes could be defined from the dispersion equa-
tions
q2 − P(λ)(q) = 0 (λ = 1, 2, 3). (6)
Their analysis shows that 1 and 2 modes with polarization vectors
ε(1)α (q) =
(qϕ)α√
q2⊥
, ε(2)α (q) =
(qϕ˜)α√
q2‖
. (7)
are only physical ones in the case under consideration, just as it is in the pure magnetic field 2.
However, it should be emphasized that this coincidence is approximate to within O(1/β) and
O(α2) accuracy.
Notice, that in plasma only the eigenvalue P(2)(q) is modified in comparison with pure
magnetic field case. It means that the dispersion law of the mode 1 is the same one as in the
magnetized vacuum, where its deviation from the vacuum law, q2 = 0, is negligibly small. From
the other hand, the dispersion properties of the mode 2 essentially differ from the magnetized
vacuum ones. In the Fig. 2 – 3 the photon dispersion in both strong magnetic field and mag-
netized plasma are depicted at various temperatures (for the charge-symmetric plasma) and
chemical potential (for the degenerate plasma). One can see that in the presence of the mag-
netized plasma there exist the kinematical region, where q2 > 0 contrary to the case of pure
magnetic field. It is connected with the appearance of the plasma frequency in the present of
the real electrons and positrons which can be defined from equation
ω2pl − P(2)(ωpl,k→ 0) = 0. (8)
This fact could lead to the modification of the kinematics of the different processes with photons.
The analysis shows that the main channels of photon scattering and photon splitting/merging
are
2 Symbols 1 and 2 correspond to the ‖ and ⊥ polarizations in pure magnetic field [26] and E- and O- modes
in magnetized plasma [6].
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Figure 3: Photon dispersion in a strong magnetic field (B/Be = 200) and degenerate plasma
vs. chemical potential µ = 1 MeV – 1, µ = 0.75 MeV – 2 and without plasma – 3. Dotted line
corresponds to the vacuum dispersion law, q2 = 0. The angle between the photon momentum
and the magnetic field direction is π/2.
• mode 1 (extraordinary photon):
γ1e
± → γ1e±, γ1e± → γ2e±, γ1 → γ1γ2,
γ1 → γ2γ2, γ1γ2 → γ1, γ1γ1 → γ2;
• mode 2 (ordinary photon):
γ2e
± → γ2e±, γ2e± → γ1e±, γ2 → γ1γ1,
γ2γ2 → γ1, γ2γ1 → γ1.
It follows from Eq. (2) that the eigenvalue of the polarization operator P(2) becomes large
near the electron-positron pair production threshold. This suggests that the renormalization of
the wave function for a photon of this polarization should be taken into account:
ε(2)α (q)→ ε(2)α (q)
√
Z2, Z
−1
2 = 1−
∂P(2)(q)
∂ω2
. (9)
3 Transfer equation
In general case the propagation of photon modes through a magnetized plasma can be
described by the following equations:
1
r2
d
dr
(
r2D1
dn1
dr
)
+K1(n¯− n1) + S12(n2 − n1) = 0, (10)
1
r2
d
dr
(
r2D2
dn2
dr
)
+K2(n¯ − n2) + S21(n1 − n2) = 0, (11)
n¯ =
ω3
2π2
fω, fω = [exp (ω/T ) − 1]−1.
where n1, n2 are photon occupation numbers for extraordinary and odinary modes, fω is photon
distribution function, Dλ,Kλ, Sλλ′ are diffusion, absorption and scattering coefficients for dif-
ferent photon modes correspondingly (λ = 1, 2) which can be obtained by the angle averaging
4
of the photon splitting/merging and photon scattering rates:
Dλ =
∫
dΩ
4π
ℓλ(θ, r) cos
2 θ, (12)
Kλ =
∫
dΩ
4π
[
Wλ→λ′λ′′ (θ, r) +Wλλ′→λ′′ (θ, r)
]
, (13)
Sλλ′ =
∫
dΩ
4π
Wλ→λ′(θ, r), (14)
where
ℓλ =
 2∑
λ′=1
Wλ→λ′ +
2∑
λ′,λ′′=1
(
Wλ→λ′λ′′ +Wλλ′→λ′′
)−1 . (15)
In turn, the rates of the processes under consideration are given by the following formulas:
Wλ→λ′ =
eB
16(2π)4ωλ
∫
| Mλλ′ |2 ZλZλ′ × (16)
× fE (1− fE′) (1 + fω′)δ(ωλ(k) + E − ωλ′ (k′)− E′)
dpz d
3k
′
EE′ωλ′
;
Wλ→λ′λ′′ =
1− (1/2)δλ′λ′′
32π2ω
∫
| Mλλ′λ′′ |2 ZλZλ′Zλ′′ × (17)
× (1 + fω′)(1 + fω′′)δ(ωλ(k)− ωλ′ (k− k
′′
)− ωλ′′ (k
′′
))
d3k
′′
ωλ′ωλ′′
,
Wλλ′→λ′′ =
1
32π2ω
∫
| Mλλ′λ′′ |2 ZλZλ′Zλ′′ × (18)
× fω′(1 + fω′′)δ(ωλ(k) + ωλ′ (k′)− ωλ′′ (k+ k
′
))
d3k
′
ωλ′ωλ′′
.
where fE is the electron distribution function, Mλλ′ and Mλλ′λ′′ are the partial amplitudes
of the photon scattering and photon splitting processes. Using the expressions for Zλ (9) and
taking account for photon dispersion properties in energy conservation law inside δ-function in
(16)-(18) one could obtained the self-consistent result for the coefficients in transfer equations
(10), (11). To calculate the corresponding amplitudes in the presence of strong magnetic field
one should use the Dirac equation solutions at the ground Landau level. For the electron
propagator it is relevant to use its asymptotic form [10]. It is possible to present them in the
covariant form. For Compton scattering one has [27]:
M11 = −8παm
eB
(qϕq′)(qϕ˜q′)√
q2⊥q
′2
⊥ (−Q2‖)
, (19)
M12 = −8παm
eB
(qΛq′)(q′Λ˜Q)√
q2⊥q
′2
‖ (−Q2‖)
, (20)
M21 = 8παm
eB
(qΛq′)(qΛ˜Q)√
q2‖q
′2
⊥ (−Q2‖)
, (21)
M22 = 16iπαm
√
q2‖q
′2
‖
√
(−Q2‖)κ
(qΛ˜q′)2 − κ2(qϕ˜q′)2 , (22)
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Figure 4: Diffusion coefficient for the 1-mode photon calculated at B = 100Be, T = 1MeV
(solid line) and B = 60Be, T = 0.5MeV (chain line). Dotted line corresponds to the diffusion
coefficient calculated using approximation (26).
where κ =
√
1− 4m2/Q2‖ and Q2‖ = (q − q′)2‖ < 0.
The amplitudes of photon splitting are given by the following equations [28]:
M112 = i4π
(α
π
)
3/2 (q
′
ϕq
′′
)(q
′
ϕ˜q
′′
)
[q
′2
⊥ q
′′2
‖ q
2
⊥]1/2
G(q′′‖ ), (23)
M122 = i4π
(α
π
)
3/2 (q′q′′)‖
[q′2‖ q
′′2
‖ q
2
⊥]1/2
(24)
× {(qq′′)⊥G(q′‖) + (qq′)⊥G(q′′‖ )} ,
M211 = M112(q ↔ q′′), (25)
where G(q) = H(q2‖/(4m2)) + J (q‖).
The analysis of the last equations shows that all amplitudes much smaller thanM22. There-
fore one could expect that mode 2 has the largest scattering absorption rate. It means that the
radiation transfer in the magnetically trapped plasma may be described as s diffusion of the
1-mode photons whereas 2-mode photons are locked [6, 29].
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Figure 5: Diffusion coefficient for the 1-mode photon calculated at B = 10Be, T = 0.05MeV
(solid line). Dotted line corresponds ton the diffusion coefficient calculated using approximation
(26).
In general case, the calculation of the reactions rates (16)-(18) is rather complicated math-
ematical problem. However in some limiting cases it is possible to obtain the simple expression
for the rates. For example, in low temperature (T ≪ m) and low energy (ω ≪ m) limits the
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mean free path (15) for the 1-mode photon in the charge symmetric plasma (µ = 0) can be
presented in the following form:
ℓ−11 = neσT (Beω/Bm)
2 + (α3 sin6 θ/2160π2)(ω/m)5m, (26)
where σT =
8pi
3
α
m2
is the Thompson cross section and the number of electron (positron) density
in a strongly magnetized, charge-symmetric rarefied plasma can be estimated as
ne ≃ eB
√
mT
2π3
e−m/T . (27)
In formula (26) the fist term corresponds to the Compton scattering process and the second
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Figure 6: The ratio of the diffusion coefficients without and with taking into account of photon
splitting process as a function of the inverse temperature at B = 200Be.
one comes from the photon splitting contribution. It is the estimation for the photon mean
free path that usually is used in the radiation transfer analysis in strongly magnetized plasma.
Moreover, the process of photon splitting/merging is not taking into account. We would like to
show that even in low energy limit this approximation is not appropriate.
4 Discussion
We have made the numerical calculation of the coefficients in (10) and (11) in charge sym-
metric plasma. Our results are represented in figures 4-7.
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Figure 7: Scattering coefficient for the 1-mode photon calculated at B = 10Be, T = 0.05MeV
(solid line). Dashed line corresponds to the diffusion coefficient calculated using approximation
(26).
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In figures 4, 5 and 7 one can see that diffusion coefficient calculated with taking account of
photon dispersion and large radiative correction strongly deviate from the coefficient obtained
by using approximation (26). In addition, in Fig. 6 the ratio of the diffusion coefficient for
only Compton scattering to the diffusion coefficient with photon splitting is depicted. One can
see that at low temperatures the additional absorption process of photon splitting leads to the
significant decreasing of the diffusion coefficient.
We have also analysed the problem of the radiation transfer in the cold degenerate plasma.
In this case the main channel of photon splitting is γ2 → γ1γ1. In the figures 8 and 9 the
contributions of photon splitting and Compton scattering to photon mean free path are de-
picted. One can see that in cold plasma the photon splitting contribution is negligibly small in
comparison with Compton scattering. It means that the only process of photon scattering on
electrons defines the radiation transfer in cold plasma.
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Figure 8: Absorption rate of the process γ2 → γ1γ1 at B = 200Be, µ = 1.5m (lower line),
µ = 2m (lower line) , W0 = (α/π)
3m ≃ 3.25 · 102cm−1.
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Figure 9: Absorption rate of the process γ2e
± → γ1e± at B = 200Be, µ = 1.5m (lower line),
µ = 2m (upper line), W0 = (α/π)
3m ≃ 3.25 · 102cm−1.
5 Conclusion
We have investigated the influence of strongly magnetized plasma on the radiation transfer
with taking into account of photon dispersion and large radiative corrections. We have studied
the processes of Compton scattering and photon splitting into two photons and calculated their
contribution in transfer equation coefficient. The main conclusions of this work are
8
• Photon dispersion and radiative correction in strongly magnetized plasma could essentially
influence on the radiation transfer process.
• In charge symmetric plasma (µ = 0) it is necessary to take into account the processes of
photon splitting and photon merging.
• In strongly degenerate plasma the influence of the photon splitting and photon merging
processes on radiation transfer is negligibly small.
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